In this paper, we study the local Cauchy-Riemann embeddability of strictly pseudoconvex real hyperboloids M 2n+1 into spheres. By solving a CR analogue of the Gauss equation, we prove that M 2n+1 is CR-embeddable into spheres with a CR co-dimension < n − 1 if and only if it is spherical.
Introduction and statement of result
The purpose of this paper is to investigate the obstructions for strictly pseudoconvex Cauchy-Riemann (CR) manifolds M 2n+1 of hypersurface type to be locally embedded by CR mapping into higher dimensional spheres S 2N +1 . We will only consider the smooth category in this paper.
We are motivated by the study of proper holomorphic embeddability into balls. Let D be a smoothly bounded strictly pseudoconvex domain in C n+1 . Every D can be properly holomorphically embedded into balls B N +1 for some N ≥ n so that embedding extends to boundary continuously or Hölder continuously (see [5] , [9] , [10] ), but not every D can be embedded so that embedding extends to boundary smoothly (see [4] , [5] ).
The authors of [4] and [5] derived the above by showing that the set of germs of CR-embeddable M 2n+1 := ∂D is of the first category in the space of germs of real-analytic strictly pseudoconvex hypersurfaces. This observation leads to a study of obstructions to local CR embeddability into spheres. CR co-dimension between M 2n+1 and a sphere is kept finite, otherwise there is no obstruction to CR embeddability according to [8] . Thus we are led to: Problem 1. Characterize strictly pseudoconvex CR manifolds M 2n+1 which are locally CR-embeddable into spheres with finite CR co-dimensions. State all the obstructions to the embeddability of such manifolds in terms of the Chern-Moser invariants.
We shall investigate simple models in this paper. A smooth strictly pseudoconvex CR manifold of hypersurface type which is flat in the sense of Chern-Moser [1] is locally equivalent to the standard sphere
By the local holomorphic change of coordinates Z → Z/w and w → 1/w, it is equivalent to
a standard real hyperboloid. This is biholomorphically equivalent to a sphere minus some proper analytic subvariety, hence it is strictly pseudoconvex everywhere. Both are obviously CR-embeddable into another sphere of any positive CR co-dimension. Now we deform each by simple quadratic perturbation. Perturb the standard sphere into real ellipsoids r(Z, w,Z,w) = 0, where
. . , z n ) and −1/2 < a α , a < 1/2. Also perturb the standard real hyperboloid into real hyperboloids r(Z, w,Z,w) = 0, where
which are strictly pseudoconvex near the points of Z = 0. We raise the question: when are these two CR manifolds locally CR-embeddable into spheres with a positive CR co-dimension? Surprisingly, these two examples show different CR embeddability. For the first case, we have: [3] ). All general real ellipsoids of the class (1.3) are locally CR-embeddable into the sphere with CR co-dimension 1.
On the other hand, for the second case, we prove Theorem 1.2. A germ at Z = 0 of the real hyperboloid of the class (1.4) is CRembeddable into spheres with a positive CR co-dimension < n − 1 if and only if a 1 = a 2 = · · · = a n = a = 0.
First we compute the CR curvature of our real hyperboloid by means of pseudohermitian geometry. Then we derive a CR analogue of the Gauss equation by means of a pseudohermitian embedding system: the CR-Gauss equation was used for rigidity problems in Webster [12] and in Ebenfelt, Huang and Zaitsev [2] . We solve the CR-Gauss equation by means of Huang's lemma and conclude Theorem 1.2. Finally we discuss our result and propose related problems.
CR and pseudohermitian curvatures
In this section we shall compute the pseudohermitian curvature of our real hyperboloids (1.4) and translate it into Chern-Moser's CR curvature. Throughout this paper we adopt the summation convention and let the Greek indices α, β, . . . run over the set 1, 2, . . . , n; lower indices a, b, . . . run over n + 1, . . . , N, and upper indices A, B, . . . run over 1, 2, . . . , N.
We have altered the sign of each term in (1.4) to make the Levi form positive definite at Z = 0. Choose a standard contact form θ = i∂r. In [11] , S. Webster showed that there exist coframe (θ, θ α , θᾱ), unique 1-form ω α β , pseudohermitian torsion A αγ and curvature R βᾱνμ satisfying
The Levi form g αβ is positive definite at Z = 0, and hence M 2n+1 is strict pseudoconvex on a neighborhood of Z = 0. We make use of g αβ and its inverse g βᾱ to raise and lower indices. For our real hyperboloid (2.1) with θ α ≡ dz α mod θ,
and " | 0 " denotes evaluation at points of Z = 0. Furthermore, if a 1 = · · · = a n = 0, then the curvature on a neighborhood of Z = 0 is
Thus we can compute CR curvatures from pseudohermitian torsion and curvature by, for instance,
with R βᾱ = R γ βᾱγ and R = R ν ν . See [11] and [2] . Hence CR curvatures for (2.5) and (2.6) are, respectively,
where "≡ mod (g)" denote the equality modulo g βᾱ T νμ + g βμ T νᾱ + g νμ T βᾱ + g νᾱ T βμ for some Hermitian tensor T βᾱ .
Embedding system and the Gauss equation
In this section we shall derive a system for local CR embedding into spheres. We obtain the pseudohermitian Gauss equation and translate it into CR analogue.
Suppose a real hyperboloid M 2n+1 is locally CR-embedded in a sphere S 2N +1 . We can adapt a coframe on S 2N +1 to an embedding, say f , by means of −ω a β ν ωᾱ aμ +R βᾱνμ − R βᾱνμ = 0. Substitute (3.7) into (2.7) and obtain the CR analogue of the Gauss equation (see [2] and [12] ). IfM 2N +1 is a sphere S 2N +1 , the CR curvature tensorŜ BĀCD vanishes and the Gauss equation reads S βᾱνμ = −ω a β ν ωᾱ aμ + 1 n + 2 ω a γ β ω γ aᾱ g νμ + ω a γ ν ω γ aᾱ g βμ (3.8) +g βᾱ ω a γ ν ω γ aμ + g νᾱ ω a γ β ω γ aμ − ω a γ σ ω γ σ a (n + 1)(n + 2) (g βᾱ g νμ + g νᾱ g βμ ).
CR embeddability of real hyperboloids into spheres
In this section, we prove our main Theorem 1.2. A germ at Z = 0 of the real hyperboloid r(Z, w,Z,w) = 0, where
for −1/2 < a α , a < 1/2, is CR-embeddable into the spheres of positive CR codimension < n − 1 if and only if a 1 = a 2 = · · · = a n = a = 0.
Proof. The "if" part is trivial. We prove the "only if" part. Let M 2n+1 be the real hyperboloid in C n × C given above and let S 2N +1 be a sphere in C N × C with the positive CR co-dimension N − n < n − 1. We alter the sign of each term in (4.1) as in (2.1) to make the Levi form g βᾱ positive definite on the points of M 2n+1 with Z = 0. Then Chern's CR curvature tensor of M 2n+1 in (2.8) evaluated on Z = 0 is
and the Gauss equation (3.8) at the same point on Z = 0 for a local smooth CR embedding f :
where the Levi form g βᾱ at Z = 0 is δ βᾱ . Combine (4.2) and (4.3) to obtain the system of equations in the second fundamental forms ω c β ν . We now derive necessary conditions on curvatures of M 2n+1 or a βν in order for this system to have a solution. To solve the system, we convert it into a polynomial identity. Fix a reference point with Z = 0 on the real hyperboloid (2.1). Define polynomials
for ζ = (ζ 1 , . . . , ζ n ) ∈ C n . Observe that each polynomial uniquely determines each tensor involved. Compute S(ζ,ζ) from (4.2) and (4.3) and identify one with the other. Noting that any term ≡ 0 mod (g) turns into the multiple of |ζ| 2 , we get
for some quadratic function G. To solve this, we apply the following. The number of summands in the left-hand side of (4.4) is N − n + 1 < n by the assumption on CR co-dimension. The lemma asserts that the left-hand side of (4.4) vanishes. But Q is positive and every summand is nonnegative. Hence
This in turn implies by the symmetry of the tensors that ω c β ν = 0, a βν = 0. In particular, a α = a αα = 0 for α = 1, . . . , n. Fix a new reference point with Z = 0 sufficiently close to 0 in C n . The CR curvature at the point is
from (2.9), and the Gauss equation turns into polynomial identity
where , is a standard Hermitian inner product andG is some quadratic function. The number of summands in the left-hand side is N −n+1 < n and Huang's lemma applies again: the left-hand side vanishes. But every summand is nonnegative.
Hence ω c (ζ) = 0 and
Since Q > 0 and Z = 0, we have a = 0, and the theorem follows.
Discussion of results and further problems
In this section, we shall review our results and propose further problems. A flat strictly pseudoconvex CR manifold M 2n+1 of hypersurface type can be locally embedded in C n ×C as a standard sphere (1.1) or a standard real hyperboloid (1.2). Local quadratic deformations of M 2n+1 in each embedding lead into general real ellipsoids (1.3) or general strictly pseudoconvex real hyperboloids (1.4). Let us call these ellipsoidal deformation and hyperboloidal deformation, respectively. These are generically no longer CR flat.
Put M 2n+1 in another sphere of positive CR co-dimension by a suitable CR embedding. Can we make ellipsoidal or hyperboloidal deformation of M 2n+1 in a higher-dimensional sphere? S. Webster observed that ellipsoidal deformation meets no obstruction in the ambient sphere, but our Theorem 1.2 shows that hyperboloidal deformation is obstructed by the CR structure of the ambient sphere and hence is not realizable when CR co-dimension is less than the CR dimension of M 2n+1 minus one. Now it is natural to ask Problem 2. If the CR co-dimension is large enough, then can a strictly pseudoconvex real hyperboloid (1.4) be locally CR-embedded into the spheres?
In the proof of Theorem 1.2, we made use of Huang's lemma and assumed that we had a suitably small CR co-dimension. If the CR co-dimension is the same as the CR dimension of M 2n+1 minus 1, then Huang's lemma is not applicable. X. Huang and S. Ji [7] dealt with such a borderline CR co-dimension in their classification of CR embedding from ∂B n into ∂B 2n−1 ; i.e., between the boundaries of unit balls in complex spaces. We propose Problem 3. If the CR co-dimension is the same as the CR dimension of M 2n+1 minus 1, then what is the CR embeddability of hyperboloidal deformation of M 2n+1 in the sphere of a positive co-dimension?
